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Abstract:When matter fields are included in chiral perturbation theory, the nonvanishing
mass in the chiral limit introduces a new energy scale so that the loop diagrams including
such matter field propagators spoil the usual power counting. However, the power counting
breaking terms can be absorbed into counterterms in the chiral Lagrangian. In this paper,
we systematically derive these terms to leading one-loop order (next-to-next-to leading order
in the chiral expansion) at once by calculating the generating functional using the path
integral. They are then absorbed by counterterms in the next-to-leading order Lagrangian.
The method can be extended to calculating power counting breaking terms for other matter
fields.
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1 Introduction
Quantum chromodynamics (QCD) is the fundamental theory for the strong interactions
of quarks and gluons. An important feature of QCD is asymptotic freedom, which implies
that in the high energy region the observables can be expanded in powers of the strong cou-
pling constant αs. However, at low energies, the theory is highly non-perturbative since αs
becomes large. The failure of a perturbative expansion in αs requires alternative approaches
to investigate the low-energy behavior of the strong interactions. Chiral perturbation theory
(ChPT) [1, 3] as the low-energy effective theory of QCD (and the Standard Model) presents
a very important tool in this field. It is based on the spontaneous and explicit breaking of
chiral symmetry. The massless QCD Lagrangian has a global symmetry U(N)L×U(N)R
at the classical level, with N the number of the light quark flavors under consideration.
However, the singlet axial current develops an U(1)A anomaly at the quantum level [4, 5].
In other words, the QCD Lagrangian has a chiral symmetry SU(N)L × SU(N)R × U(1)V
in the limit of vanishing quark masses. While the U(1)V symmetry is manifest as baryon
number conservation, the chiral symmetry SU(N)L×SU(N)R is spontaneously broken into
its vectorial subgroup SU(N)V , and N2 − 1 Goldstone bosons emerge. Meanwhile, the
nonvanishing quark masses break the chiral symmetry explicitly, giving a finite but small
mass to the Goldstone bosons. The spontaneously and explicitly broken chiral symmetry
plays a central role in the low-energy domain of the strong interactions, and lays the basis
for ChPT which is a model-independent effective field theory equivalent to QCD at low
energies.
As an effective theory, ChPT provides a powerful and successful framework for studying
hadron physics at low energies. It explores a scale separation. The hard energy scale is given
by the scale of chiral symmetry breaking Λχ ∼ 1 GeV, which corresponds to the occurrence
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of “typical" hadrons. The soft energy scale is provided by the low-momenta of Goldstone
bosons and external fields as well as the Goldstone boson masses (or equivalently the light
quark masses). The Goldstone bosons as the low-energy degrees of freedom are treated
explicitly, while the high-energy modes are integrated out and the information is encoded
into the coupling constants, the so-called low-energy constants (LECs). Due to the small
values of the light quark (u, d and s) masses, the explicit chiral symmetry breaking effects
can be treated perturbatively, and one can construct the chiral Lagrangian order by order
in a double expansion in the small momenta, denoted as p, of the Goldstone bosons and
the light quark masses mq = O
(
p2
)
, where the power of p is called the chiral dimension.
Since the effective Lagrangian contains an infinite number of local operators, a proper
power counting rule is necessary to determine the relative importance of the various terms
and the Feynman diagrams based on them. The power counting [1] for a given term and
Feynman diagram may be obtained by rescaling the external momenta p→ tp and the light
quark masses mq → t2mq and counting the power of t, which gives the chiral dimension.
Applying this power counting scheme, a relation between the momentum expansion and the
loop expansion is well established for the purely Goldstone boson sector, i.e. when there
are no matter fields.
The systematic studies of the purely Goldstone boson ChPT up to one loop, i.e. O (p4),
have been performed by Gasser and Leutwyler in their classical papers [2, 3]. The full
generating functional (including one-loop graphs) at O (φ4), i.e. with at most four exter-
nal Goldstone bosons, was obtained up to O (p4), which suffices to calculate all relevant
two-point correlation functions. The one-loop diagrams with all vertices from the O (p2)
Lagrangian appear at the order O (p4). They are ultraviolet (UV) divergent and the UV
divergences can be renormalized by the counterterms in the O (p4) Lagrangian using di-
mensional regularization which preserves all the symmetries under consideration.
Matter fields which have nonvanishing masses in the chiral limit can be included in
ChPT as well. ChPT including light baryons is known as baryon ChPT. There exists
a notable power counting breaking (PCB) issue in baryon ChPT [6]: the naive power
counting rule does not work for loop diagrams containing baryon propagators and all such
diagrams start contributing at O (p2) using the MS subtraction scheme of dimensional
regularization. 1 This problem is caused by the nonvanishing mass of matter field in the
chiral limit, which then presents an energy scale of O (1). Various approaches were proposed
to address the PCB issue, e.g. the heavy baryon ChPT (HBChPT) [8, 9], the infrared
regularization (IR) [10], and the extended-on-mass-shell (EOMS) scheme [11]. Likewise,
ChPT including other matter fields has the same PCB problem. Note further that the
approaches used for baryons can be employed to ChPT including other matter fields.
In HBChPT, the heavy components of the baryon fields are integrated out. The de-
pendence of the matter field mass m is then removed from propagators by expanding the
Lagrangian in powers of 1/m. The resulting loops satisfy the power counting. However,
the 1/m expansion sometimes produces incorrect low-energy analytic properties [12]. The
1The closed matter field loops are not taken into account because they are real below the two matter-field
threshold and are counted as O (1). Their contributions can be absorbed by a redefinition of LECs. [6, 7]
– 2 –
expansion series near the anomalous threshold fails to converge and an infinite number of
terms are needed.2 A manifestly Lorentz covariant regularization scheme which preserves
the analytic structure and the power counting can also be formulated. A very important
step was made by Ellis and Tang [14, 15]. They noted that the soft-momentum part of a
loop diagram is infrared singular and the PCB terms, coming from the hard-momentum
modes only, are a local polynomial in small momenta and Goldstone boson masses and can
be absorbed into the LECs of the most general chiral Lagrangian. Based on their work,
Becher and Leutwyler proposed the IR scheme which isolates the infrared singular parts
of the loops by extending the Feynman parameter integration upper bound from unity
to infinity [10]. Due to the fact that the infrared regular parts of loops can be obtained
by expanding the integrand in small quantities and then integrating each term [16], the
EOMS scheme was proposed, in which additional subtractions beyond the MS scheme are
performed to get rid of the PCB terms.
In this paper, we will study the one-loop generating functional of correlation functions
with up to four external particles for the chiral Lagrangian with spinless matter fields in
the fundamental representation of SU(N). Such a theory can be applied to study kaon-
pion scattering by treating kaons as matter fields[7], and it is expected to have a better
convergence of the chiral expansion than that of the normal SU(3) ChPT which treats kaons
as Goldstone bosons as well. It can also be employed to investigate the interaction between
heavy mesons and Goldstone bosons [17, 18]. A systematic one-loop renormalization of this
theory was done in Ref. [19] by calculating the divergence of the effective action using the
background field method and heat kernel technique. This paper presents a step further as
we will provide a systematic subtraction of the PCB terms at the Lagrangian level at the
leading one-loop order, i.e. O (p3), for such a theory. All PCB terms will be obtained at
once by calculating the corresponding part in the one-loop generating functional.
This paper is organized as follows. In Section 2, the power counting formula and its
breaking in the presence of matter fields are briefly introduced; the relevant notation and
the chiral Lagrangian for spinless matter fields in the SU(N) fundamental representation
are given to the next-to-next-to-leading order (NNLO). The explicit one-loop generating
functional is derived in Section 3. In Section 4, the PCB terms are obtained and subtracted
in the EOMS scheme by redefining the O (p2) LECs. Section 5 presents a brief summary.
2 Power counting and effective Lagrangian
We denote the matter fields and Goldstone boson fields as P and φ, respectively. To
introduce the effective Lagrangian, one has to specify the power counting rules. At low
energies, the momenta, as well as the massesMφ, of Goldstone bosons are counted as O (p).
However, the nonvanishing mass of the matter field, mP , in the chiral limit introduces a new
energy scale. Since matter fields are normal hadrons which are not Goldstone bosons, their
masses are of the order of Λχ and should be counted as O (1). The temporal component of
the momentum of matter field should then be counted in the same way. Yet, at low energies
2Note, however, that this can be overcome by using the extended propagator i/(v · k + k2/2m) instead
of the strict HB propagator i/v · k, see e.g. Ref. [13].
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when the three-momentum of matter field is small, one may count q2 −m2P as O (p), and
thus the propagator as O (p−1). The Goldstone boson propagator i/(q2 −M2φ) is counted
as O (p−2). One can then derive the chiral dimension n for a given Feynman diagram as
n = 4L+
∑
k
Vk − 2Iφ − IP , (2.1)
where L, Vk, Iφ and IP denote the numbers of loops, the kth order vertices, internal Gold-
stone boson propagators and internal matter field propagators, respectively.
For a specific Feynman graph, if there exist terms whose chiral order is lower than that
given by Eq. (2.1), those terms are called PCB terms. The power counting given in Eq. (2.1)
works well and no PCB term exists for purely Goldstone boson ChPT. However, PCB terms
show up when matter field propagators enter the loop integrals which are calculated using
dimensional regularization with the MS scheme. This is due to the existence of the new
energy scale mP . It is worth noting that the matter field mass in the chiral limit, denoted
as m, is of the same chiral order as the physical masses. In the EOMS scheme, these PCB
terms are absorbed into the redefinition of the LECs so as to make the amplitudes have a
power counting consistent with Eq. (2.1).
We only consider the case involving a single matter field. The relevant generating
functional is defined as
eiZ[j,J,J
†] = 〈0 out|0 in〉j,J,J† =
∫
[dφ][dPdP †] exp
{
i
∫
d4x
[
Lφ(j) + LφP (J, J†)
]}
,(2.2)
where Lφ and LφP denote the purely Goldstone boson effective Lagrangian and the La-
grangian for the interaction between Goldstone bosons and a single matter field, respec-
tively. Further, J and J† denote the external sources coupled to the matter fields, and j
collects various external fields coupled to the Goldstone bosons, i.e. vector vµ, axial-vector
aµ, scalar s and pseudoscalar p. As usual, the explicit SU(N) symmetry breaking effect by
quark masses M will be included in the Lagrangian through the external scalar source s
via χ = 2B0s, with s =M = diag(mu,md, . . .), where B0 is a constant related to the quark
condensate. The effective Lagrangians can be expanded in a power series as
Lφ =
∞∑
n=1
L(2n)φ , LφP =
∞∑
n=1
L(n)φP ,
where the upper indices indicate the chiral dimensions.
To construct the effective Lagrangians respecting the chiral symmetry, we collect the
Goldstone bosons in a N ×N unitary matrix U(x),
U(x) = u2(x) = exp
(
iφ
F0
)
, (2.3)
where F0 is the pion decay constant in the chiral limit and φ is expanded in the N2 − 1
traceless Hermitian basis φ = λaφa, with λa and φa the SU(N) generators and the Goldstone
boson fields, respectively. U(x) and u(x) transform under SU(N)L×SU(N)R as
U 7→ gRUg†L, u 7→
√
gRUg
†
L ≡ gRuK† = Kug†L, (2.4)
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where gL ∈ SU(N)L, gR ∈ SU(N)R, and K is a nonlinear function of gL, gR and U(x). The
compensator field K represents an element of the subgroup SU(N)V , and it reduces to K =
gL = gR, independent of U(x), for a SU(N)V transformation, i.e. when gL = gR (see, e.g.,
Ref. [20]). It is convenient for building up effective Lagrangians respecting the symmetry
constraints to construct the matter fields so that they transform under SU(N)L×SU(N)R as
P 7→ PK† , P † 7→ KP † . (2.5)
Here, we have followed the convention of Ref. [19] to define P † and P in the fundamental
and anti-fundamental representation of SU(N), respectively.
For the convenience of constructing a chirally invariant Lagrangian, we introduce chiral-
covariant derivatives as
DµP
† = ∂µP † + ΓµP †, DµP = ∂µP + PΓ†µ , (2.6)
with the chiral connection Γµ = 12
[
u†(∂µ − irµ)u+ u(∂µ − ilµ)u†
]
, and further rµ = vµ+aµ
and lµ = vµ − aµ. One can construct three other building blocks
uµ = i
[
u†(∂µ − irµ)u+ u(∂µ − ilµ)u†
]
, χ± = u†χu† ± uχ†u, (2.7)
as well as the covariant derivatives on them such as∇µuν = ∂µuν+[Γµ, uν ]. These operators
transform under SU(N)L×SU(N)R as
uµ 7→ KuµK† , χ± 7→ Kχ±K† , ∇µuν 7→ K∇µuνK† . (2.8)
The power counting rules for these building blocks are
DµP
(†) ∼ O (1) , DµDνP (†) ∼ O (1) , (DµDµ +m2)P (†) ∼ O (p) ,
uµ ∼ O (p) , χ± ∼ O
(
p2
)
, ∇µuν ∼ O
(
p2
)
. (2.9)
Based on the power counting for the Feynman graphs, the calculation of relevant physical
observables up to O (p3) requires the effective chiral Lagrangian
Leff3 = L(1)φP + L(2)φP + L(3)φP + L(2)φ + L(4)φ . (2.10)
The Lagrangians can be found in Refs. [3, 17–19, 21]. For completeness, we list the relevant
terms here. The Lagrangian for the matter fields is
L(1)φP = DµPDµP † −m2PP †,
L(2)φP = P [−h0〈χ+〉 − h1χ+ + h2〈uµuµ〉 − h3uµuµ]P †
+DµP [h4〈uµuν〉 − h5{uµ, uν}]DνP † ,
L(3)φP =
[
i g1P [χ−, uν ]DνP † + g2P [uµ,∇µuν +∇νuµ]DνP †
+g3P [uµ,∇νuρ]DµνρP † + g4P∇νχ+DνP † + g5P 〈∇νχ+〉DνP † + h.c.
]
+i γ1D
µPf+µνD
νP † + γ2P [uµ, f−µν ]D
νP † , (2.11)
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and the Goldstone boson Lagrangians has the form
L(2)φ =
F 20
4
〈uµuµ〉+ F
2
0
4
〈χ+〉,
L(4)φ = L0〈uµuνuµuν〉+ L1〈uµuµ〉2 + L2〈uµuν〉〈uµuν〉+ L3
〈
(uµu
µ)2
〉
+ L4〈uµuµ〉〈χ+〉
+L5〈uµuµχ+〉+ L6〈χ+〉2 + L7〈χ−〉2 +
L8
2
〈
χ2+ + χ
2
−
〉− iL9 〈fµν+ uµuν〉
+
L10
4
〈
f2+ − f2−
〉
+H1
〈
F 2L + F
2
R
〉
+H2〈χχ†〉, (2.12)
where Dµνρ = {Dµ, {Dν , Dρ}},FµνL = ∂µlν − ∂ν lµ − i[lµ, lν ], FµνR = ∂µrν − ∂νrµ − i[rµ, rν ],
and fµν± = uF
µν
L u
† ± u†FµνR u.
3 One-loop generating functional
The generating functional up to O (p3) consists of two parts 3:
Z3 = Z
tree
3 + Z
one-loop
3 . (3.1)
The tree-level part Ztree3 is given by the Lagrangians in Eqs. (2.11) and (2.12). The one-
loop functional Zone-loop3 can be calculated in the standard way using the background field
method. To calculate the one-loop functional, we perturb the fields U(x) and P (x) around
the solutions of classical equations of motion U¯(x) and P¯ (x) as
U = u¯e−iηu¯, P = P¯ + h, (3.2)
with η = ηaλa (a = 1, . . . , N2 − 1). In the following, we will neglect the bars over the
classical field configurations for brevity. Collecting the fluctuations in ξA = ( F0√2η
a, hi), the
one-loop functional can be written as a Gaussian integral over the fluctuations,
eiZ
one-loop
=
∫
[dξ] exp
{
−i
∫
d4x ξA (DµDµ + σ)
AB ξ†B
}
= N exp
{
−1
2
tr log (DµDµ + σ)
}
, (3.3)
where N is a normalization constant, “tr" indicates the trace over all the spaces including
the coordinate space and the (N2 − 1 + N)-dimension space spanned in the basis of ξA.
The covariant derivative DABµ and the non-derivative term σAB are obtained in Ref. [19].
For simplicity, we only list the single-matter sectors in following:
DABµ = δAB∂µ + ΓˆABµ =
(
dabµ
1
4
√
2F0
(
P [uµ, λ
a]
)
j
1
4
√
2F0
(
[uµ, λ
b]P †
)
i
Dijµ
)
, (3.4)
σAB =
(
σab11 σ
aj
12
σib21 σ
ij
22
)
, (3.5)
3The chiral anomalous effective Wess–Zumino–Witten action [22, 23] is not taken into account here.
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where
dabµ = δ
ab∂µ − 1
2
〈
[λa, λb]Γµ
〉
− 1
8F 20
(
DµP [λ
a, λb]P † − P [λa, λb]DµP †
)
,
σab11 = −
1
8
〈
uµ
[
λa, [uµ, λb]
]〉
+
1
16
〈{
λa, {χ+, λb}
}〉
+
3
32F 20
P [uµ, λ
a][uµ, λb]P †,
σaj12 = −
1
4
√
2F0
(
P [∇µuµ, λa]
)
j
− 3
4
√
2F0
(
DµP [u
µ, λa]
)
j
,
σib21 =
1
4
√
2F0
(
[∇µuµ, λb]P †
)
i
+
3
4
√
2F0
(
[uµ, λb]DµP
†
)
i
,
σij22 = m
2δij − 1
32F 20
(
[uµ, λ
c]P †
)
i
(
P [uµ, λc]
)
j
. (3.6)
To calculate the one-loop functional Zone-loop = i2tr log(DµD
µ + σ), we split the dif-
ferential operator D = (DµDµ + σ) into the Klein-Gordon operator D0 for free fields and
the remaining interaction part δr: DAB = DAB0 + δABr . The one-loop functional can be
calculated in an expansion of the interaction term:
Zone-loop =
i
2
tr log(D0 + δr) = i
2
tr
[
logD0 + log(1− δr∆)
]
,
= − i
2
tr(δr∆)− i
4
tr(δr∆δr∆)− i
6
tr(δr∆δr∆δr∆) + . . . , (3.7)
where we omit the irrelevant constant term i2tr log(D0), ∆ is the inverse of −D0:
∆AB(x− y) = δAB
∫
ddp
(2pi)d
e−ip(x−y)
p2 −m2A + i
, (3.8)
and the remainder δr is
δr = {Γˆµ, ∂µ}+ ΓˆµΓˆµ + σˆ , (3.9)
with σˆAB = σAB − m2AδAB. The first term tr(δr∆) in Eq. (3.7) is the set of all tadpole
graphs. The second term collects all the two-point-loop graphs, etc. Since the external
fields vµ and s (aµ and p) correspond to terms with an even (odd) number of boson fields,
following the counting scheme used in Refs. [2, 3], we count vµ and s−M as O
(
φ2
)
, where
φ here should be understood as representing both the Goldstone boson and matter fields.
Thus, Γˆµ and σˆ are of O
(
φ2
)
. The the one-loop functional up to O (φ4), i.e. with at most
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four external meson fields, can be calculated as [24]
Zone-loop = − i
2
tr
[
ˆσ(x)∆(0) + Γˆµ(x)Γˆµ(x)∆(0)
]
− i
4
tr
[{
Γˆµ(x), ∂xµ
}
∆(x− y)
{
Γˆν(y), ∂yν
}
∆(y − x)
+2
{
Γˆµ(x), ∂xµ
}
∆(x− y)σˆ(y)∆(y − x)
+2Γˆµ(x)Γˆµ(x)∆(x− y)σˆ(y)∆(y − x)
]
+O (φ6)
= − i
2
tr
[
σˆ(x)∆(0) + Γˆµ(x)Γˆµ(x)∆(0)
]
− i
4
tr
[
Γˆµ(x)∂xµ∆(x− y)Γˆν(y)∂yν∆(y − x)
+Γˆµ(x)∂xν∆(x− y)Γˆν(y)∂yµ∆(y − x)
+Γˆµ(x)∂xµ∂
x
ν∆(x− y)Γˆν(y)∆(y − x)
+Γˆµ(x)∆(x− y)Γˆν(y)∂yµ∂yν∆(y − x)
+2Γˆµ(x)∂xµ∆(x− y)σˆ(y)∆(y − x)
+2Γˆµ(x)∆(x− y)σˆ(y)∂yµ∆(y − x)
+σˆ(x)∆(x− y)σˆ(y)∆(y − x)
]
+O (φ6) .
When the light quark masses are different, the free Klein-Gordon propagator is not
diagonal in the cartesian basis spanned by λ1, λ2, . . . , λN2−1. It is more convenient to use
the physical basis such as λpi+ = − 1√
2
(λ1 + iλ2) and so on. More explicitly, the one-loop
functional to O (φ4) can be written as [3]
Zone-loop =
i
2
∑
P
∫
d4x∆P (0)σˆPP (x) +
i
4
∑
P,Q
[
∆P (0) + ∆Q(0)
]
ΓˆµPQ(x)Γˆ
µ
QP (x)
+
∑
P,Q
∫
d4xd4y
[
MPQµν (x− y)ΓˆµPQ(x)ΓˆνQP (y) +KPQµ (x− y)ΓˆµPQ(x)σˆQP (y)
+JPQ(x− y)σˆPQ(x)σˆQP (y)
]
+O (φ6) , (3.10)
where
MPQµµ (z) =
i
4
(∂µ∆P∂ν∆Q + ∂ν∆P∂µ∆Q − ∂µν∆P∆Q −∆P∂µν∆Q) ,
KPQµ (z) =
i
2
(∂µ∆P∆Q −∆P∂µ∆Q),
JPQ(z) = − i
4
∆P∆Q, (3.11)
with ∆P (z) = ∆(z,M2P ) defined as the free propagator for a spinless field of mass MP in
d dimensions. The explicit expressions of the various kernels in terms of loop integrals are
listed in Appendix. A.
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4 Subtraction of the power counting breaking terms
In calculations using dimensional regularization with the MS scheme, any loop integral
involving matter field propagators contains terms starting from O (1), in contrast with the
power counting in Eq. (2.1). Thus, there are PCB terms which contribute at orders lower
than that required by Eq. (2.1), and they will be calculated and subtracted in this section.
The loops involving only matter field propagators do not play any dynamical role in
the low-energy effective field theory, neither do they introduce non-analyticity in the quark
masses, and thus can be absorbed into a redefinition of LECs. As a result, the explicit closed
matter field loops are not necessary to be included in the calculation. Thus, the Goldstone
boson part of the one-loop functional is identical to that in the standard Goldstone boson
ChPT, which can be found in Refs. [3]. The PCB terms of interest are from the loops
containing both Goldstone boson and matter field internal propagators. They correspond
to the terms of MPQµν , KPQµ and JPQ in Eq. (3.10) with P and Q in different blocks
(Goldstone bosons and matter fields). Since we are only interested in the single matter
field sector, which is the sector relevant for processes with a single matter field in both
initial and final states and can be studied using the effective Lagragians in Eq. (2.11), and
the terms contributing at orders lower than that required by Eq. (2.1), we only need the
following terms of Γˆµ and σˆ for calculating the PCB part, which is of O
(
p2
)
, of the one-loop
generating functional
Γˆ′ABµ =
1
4
√
2F0
(
0 (P [uµ, λ
a])j(
[uµ, λ
b]P †
)
i
0
)
,
σˆ′AB =
3
4
√
2F0
(
0 − (DµP [uµ, λa])j(
[uµ, λ
b]DµP †
)
i
0
)
. (4.1)
Since the elements of Γ′µ and σ′ are of O (p), the PCB terms of loops only refer to
the O (1) terms of the loop integrals. As a result, they are independent of the internal
Goldstone boson masses. Therefore, the relevant one-loop generating functional to O (φ4)
can be rewritten in the form
Z ′one-loop =
∫
d4xd4y
d4p
(2pi)4
e−ip(x−y)
×
{
1
8
〈
Γˆ′µν(x)Γˆ′µν(y)
〉 [
B0(p
2,m2, 0) + 4B1(p
2,m2, 0) + 4B11(p
2,m2, 0)
]
−
〈
Γˆ′µ(x)Γˆ
′µ(y)
〉[
B00(p
2,m2, 0) +
p2
4
(
B0(p
2,m2, 0) + 4B1(p
2,m2, 0) + 4B11(p
2,m2, 0)
)]
+
〈
∂µΓ˜
′µ(x)σˆ(y)
〉[B0(p2,m2, 0)
2
+B1(p
2,m2, 0)
]
+
1
4
B0(p
2,m2, 0)
〈
σˆ′(x)σˆ′(y)
〉}
,
=
∫
d4xd4y
d4p
(2pi)4
e−ip(x−y)
{
−
〈
Γˆ′µ(x)Γˆ
′µ(y)
〉
B00(p
2,m2, 0)
−1
4
〈
∂µΓ
′
ν∂
νΓ′µ
〉 [
B0(p
2,m2, 0) + 4B1(p
2,m2, 0) + 4B11(p
2,m2, 0)
]
+
〈
∂µΓ˜
′µ(x)σˆ(y)
〉[B0(p2,m2, 0)
2
+B1(p
2,m2, 0)
]
+
1
4
B0(p
2,m2, 0)
〈
σˆ′(x)σˆ′(y)
〉}
, (4.2)
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where we have defined Γˆ′µν = ∂µΓˆ′ν − ∂νΓˆ′µ + [Γˆ′µ, Γˆ′ν ], and
Γ˜′ABµ =
1
4
√
2F0
(
0 (P [uµ, λ
a])j
− ([uµ, λb]P †)i 0
)
. (4.3)
The expressions for the loop functions B0(s,m2,M2), B1(s,m2,M2), B00(s,m2,M2) and
B11(s,m
2,M2) are given in Appendix A.
Since all the operators in Eq. (4.2) are of O (p2), we can extract the PCB terms by
keeping only the O (p0) part of these loop functions. In the EOMS scheme, the PCB terms
come from the leading chiral expansion of one-loop functions A(m2) and B0(m2,m2, 0), as
shown in Appendix B. Applying the results of Appendix B and the equations of motion for
the classical background fields, it is easy to obtain the PCB terms of interest:
ZPCBone-loop =
1
16pi2F 20
∫
d4x
{
m2
144
[
2− 3log
(
m2
µ2
)]〈
PP †
〉
〈uµuµ〉
+
m2 N
144
[
2− 3log
(
m2
µ2
)]〈
Puµu
µP †
〉
+
7
72
[
5− 3log
(
m2
µ2
)]〈
DµPDνP †
〉
〈uµuν〉
+
7N
144
[
5− 3log
(
m2
µ2
)]〈
DµP {uµ, uν}DνP †
〉}
. (4.4)
One can subtract these PCB terms in Eq. (4.4) to get a consistent power counting.
Within the EOMS scheme, they are absorbed into the redefinition of the LECs of O (p2)
as
L(2)φP =
5∑
i=0
hiOi =
5∑
i=0
[
hri (µ) + h
0
iλ+
1
16pi2F 20
hPCBi
]
Oi , (4.5)
where Oi represent local operators in the Lagrangian of O
(
p2
)
, µ is the scale of dimensional
regularization, λ = µd−4(4pi)−d/2/(d−4), hri (µ) are the UV finite and scale-dependent part
of the LECs hi, the coefficients h0i of the UV divergence ∼ λ have been calculated in
Ref. [19], and hPCBi are the PCB parts. From Eq. (2.11) and Eq. (4.4), they can be easily
read off as
hPCB0 = 0, h
PCB
2 = −m2
(
1
72
− 1
48
log
m2
µ2
)
, hPCB3 = m
2
(
N
72
− N
48
log
m2
µ2
)
,
hPCB1 = 0, h
PCB
4 = −
7
72
(
5− 3 log m
2
µ2
)
, hPCB5 =
7N
144
(
5− 3 log m
2
µ2
)
. (4.6)
Note that we have dropped the tadpole loops with matter field propagators completely. For
N = 3, the expressions of hPCBi agree with those found in an explicit calculation of the
charmed-meson–Goldstone-boson scattering amplitudes [18].
– 10 –
5 Summary
In this paper, we have given the explicit generating functional for Green functions of
at most four external fields in a chiral effective field theory for a single matter field up to
O (p3). In the case we considered, the matter fields are spinless and in the fundamental
representation of SU(N). We have derived the power counting breaking terms in the one-
loop generating functional up to O (p3) using dimensional regularization. In the EOMS
scheme, they are subtracted from the loop integrals and absorbed into a redefinition of
O (p2) LECs. The framework can be used for any theories with spontaneous symmetry
breaking of SU(N)L×SU(N)R to SU(N)V with spinless matter fields in fundamental rep-
resentation. Examples in QCD of the matter fields are ground state pseudoscalar mesons
except for the pions such as kaons and heavy mesons.
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A Kernels
The kernels KPQa (x−y) includingMPQµν (x−y), KPQµ (x−y) and JPQ(x−y) in Eq. (3.10)
have the form
KPQa (x− y) =
∫
d4p
(2pi)2
e−ip(x−y)KPQa (p), (A.1)
with
MPQµν (p) = −gµνB00(p2,m2P ,m2Q)
−1
4
pµpν
[
B0(p
2,m2P ,m
2
Q) + 4B1(p
2,m2P ,m
2
Q) + 4B11(p
2,m2P ,m
2
Q)
]
,
KPQµ (p) = ipµ
[
1
2
B0(p
2,m2P ,m
2
Q) +B1(p
2,m2P ,m
2
Q)
]
,
JPQ(p) =
1
4
B0(p
2,m2P ,m
2
Q), (A.2)
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where the loop functions A, B0, B1, B00 and B11 are defined through:
A(m2) =
µ4−d
i
∫
ddk
(2pi)d
1
k2 −m2 + i , (A.3)
B0(p
2,m2,M2) =
µ4−d
i
∫
ddk
(2pi)d
1
(k2 −m2 + i)[(k + p)2 −M2 + i] , (A.4)
pµB1(p
2,m2,M2) =
µ4−d
i
∫
ddk
(2pi)d
kµ
(k2 −m2 + i)[(k + p)2 −M2 + i] , (A.5)
gµνB00(p
2,m2,M2) + pµpνB11(p
2,m2,M2) (A.6)
=
µ4−d
i
∫
ddk
(2pi)d
kµkν
(k2 −m2 + i)[(k + p)2 −M2 + i] . (A.7)
The expressions for these loop functions in dimensional regularization are
A0(m
2) =
m2
16pi2
(
R+ log
m2
µ2
)
,
B0(p
2,m2,M2) =
1
16pi2
[
−R+ 1− log M
2
µ2
+
∆ + p2
2p2
log
M2
m2
+
p2 − (m−M)2
p2
ρ(p2) log
ρ(p2)− 1
ρ(p2) + 1
]
,
B1(p
2,m2,M2) =
1
2p2
[
A0(m
2)−A0(M2)− (p2 + ∆)B0(p2,m2,M2)
]
,
B00(p
2,m2,M2) = − 1
288pi2
(p2 − 3Σ) + 1
12p2
{
(p2 + ∆)A0(m
2) + (p2 −∆)A0(M2)
+
[
4p2m2 − (p2 + ∆)2]B0(p2,m2,M2)}
B11(p
2,m2,M2) =
1
288pi2p2
(p2 − 3Σ) + 1
3p4
{
− (p2 + ∆)A0(m2) + (2p2 + ∆)A0(M2)
− [p2m2 − (p2 + ∆)2]B0(p2,m2,M2)}, (A.8)
where we have defined R = 2d−4 +γE−1−log 4pi, with γE the Euler constant, ∆ = m2−M2,
Σ = m2 +M2, and
ρ =
√
p2 − (m+M)2
p2 − (m−M)2 .
B Infrared regular parts of loop integrals
Using the method proposed in Refs. [10, 25], we derive the infrared regular parts of
loop integrals to O (p2). Only the leading order, i.e. O (p0), part is used to extract the
PCB terms. The closed matter loop A0(m2) is infrared regular, and the regular part of the
loop integral B0(p2,m2,M2) can be expanded as [25]
Breg.0 (p
2,m2,M2) =
Γ(2− d/2)
(4pi)d/2(d− 3)
(
m
µ
)d−4 [
1− p
2 −m2
2m2
+
(d− 6)(p2 −m2)2
4m4(d− 5)
+
(d− 3)M2
2m2(d− 5) + · · ·
]
. (B.1)
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More explicitly, using Eq. (A.8), the infrared regular PCB parts of the loop functions are
APCB0 (m
2) = − m
2
16pi2
log
m2
µ2
,
BPCB0 (p
2,m2, 0) =
1
16pi2
(
1− log m
2
µ2
)
,
BPCB1 (p
2,m2, 0) = − 1
16pi2
(
1− 1
2
log
m2
µ2
)
,
BPCB00 (p
2,m2, 0) =
m2
288pi2
(
2− 3 log m
2
µ2
)
,
BPCB11 (p
2,m2, 0) =
1
144pi2
(
8− 3 log m
2
µ2
)
. (B.2)
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